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As stated earlier, p, =p, is assumed.

From Fig. 2 we observe that C),. rises sharply with an in-
crease in jet momentum, and at Cr=0.23 becomes equal to
the drag coefficient resulting from pressure distribution
(Cp p). Beyond this point CDj is higher than C, . Un-
fortunately, enough experimental data are not availa’t’)le for
larger values of Cr. However, from the only available data at
Cr=0.25 (Fig. 3), we observe that the forebody drag coef-
ficient at this value of Cj is higher than that at Cp=0.23.
Thus for any further increase in Cp, the trend will reverse and
the forebody drag coefficient starts increasing. Therefore it
can be inferred that the maximum achievable forebody drag
reduction using this technique is limited to 50% by employing
Craround 0.23-0.25.

From Fig. 3 we note that the forebody drag coefficients
deduced from Warren!' and Finley’s® experimental data
correlate well in terms of a single parameter Cr. The deviation
observed at higher values of C is apparently caused by the
reversal of trend mentioned earlier. The correlation can be
expressed mathematically as

Cp=1%Cp,Ci!', 0.015<Cp<0.25 3)

The forebody drag reduction due to upstream facing jet is
very similar to that of a protruding solid spike from the
leading edge of a blunt body. The problem of a blunt body
with leading edge spike at high speeds has been studied by a
number of investigators, and their work has been discussed in
detail by Chang.5 A thin protruding probe, called a spike,
mounted in front of a blunt body moving at high speeds is
capable of reducing the forebody drag due to flow separation
on the probe. The flow separation occurs because the
boundary layer on the probe interacts with the shock wave
generated at the junction with the body. In front of the body
and between the oblique shock wave and the probe, a conical
region of separated flow is formed in which the pressure is
greatly reduced, as in the present problem. From the results
presented by Chang,? it is seen that a forebody drag reduction
of up to 50% can be achieved. The forebody drag coefficient
of a spiked body is not very sensitive to Mach or Reynolds
number.

In summary, we observe that the mechanisms of forebody
drag reduction either by a spike or by a forward facing jet are
quite similar. The maximum drag reductions achievable are
also of the same order. However, a forward facing jet has the
additional capability of reducing aerodynamic heating, which
can be quite severe at high Mach numbers. Using the
correlation presented in this work, the ejection parameters
can be chosen to achieve maximum permissible forebody drag
reduction by the technique suggested here.
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I. Introduction

HE purpose of this Note is to present a general

framework for the efficient use of transformation
methods in optimal design of large structural and mechanical
systems. The term “‘transformation method’ is used to
describe any method that solves the constrained optimization
problem by transforming it into one or more unconstrained
optimization problems.

A basic difficulty in optimal structural design is that the
evaluation of constraint functions and their gradients is very
expensive. This is because many constraints of the design
problem are implicit functions of design variables. The
transformation methods essentially collapse all constraints of
the design problem into one equivalent constraint! which
serves as a penalty term for the transformation methods. This
is very desirable for structural design applications, since it
implies that one has to calculate the derivative of only one
implicit function as compared to the calculation of derivatives
of several implicit functions in other methods. Therefore,
transformation methods can result in substantial com-
putational savings in optimal design of structural and
mechanical systems.

There are three classes of transformation methods that have
been discussed in the literature: the penalty function, the
barrier function, and the multiplier (or augmented
Lagrangian) methods. The penalty and barrier methods have
been referred to as sequential unconstrained minimization
techniques (SUMTSs) by Fiacco and McCormick.2 SUMTs
possess a number of undesirable properties. The weaknesses
are most serious when a controlling parameter r is large. For
large r, the penalty and barrier functions are ill-behaved near
the boundary of the constraint set where the optimum points
usually lie. Furthermore, it is shown3* that the Hessian
matrix of the unconstrained function becomes ill-conditioned
as r—oo, In spite of these difficulties, SUMTs have been
successfully used for many structural and mechanical system
design applications. Notable among this body of literature are
the works of Schmit® and Haftka.® More references on works
of these authors may be found in Refs. 5 and 6.

The multiplier methods have been developed in the recent
literature to alleviate some of the numerical difficulties en-
countered in SUMTs. These methods do not require large
values of the controlling parameters, and also possess better
convergence properties than SUMTSs.’

II. Optimal Design Problem and Computation
of Derivatives

To present ideas of the transformation methods as they
apply to the structural and mechanical system design, a
simplified model of the design problem is considered. It is
understood that the methods presented here are applicable to
more complex models for the design problem. 568

The optimal design problem is defined as follows: minimize

Yo (b,2) )
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subject to
K(b)z=S8(b) %))

Vi(bz) <0  i=12,...,m 3)

where b is a k vector of design variables, z an n vector of
nodal displacements, n the number of degrees of freedom of
the finite-element model for the structure, K(b) an nxn
structural stiffness matrix (symmetric and positive definite),
and S(b) an n vector of applied loads. The functions v,(b,2)
represent constraints (stress, displacement, and others) and
¥,(b,z) represents a cost function for the design problem.

There are basically two methods®® for computing
derivatives of the implicit functions v,(b,z(b)). To keep the
discussion general, consider the problem of determining
derivatives of a function g(b,z()). The total derivative of g is
given as

dg _ dq dq dz
b o ez db “)
(Ixk)y (Ixk) (Ixn) (nxk)

where the notation

da _[da ] da_ria o
db db,” " 7 db, ab Lab,” """ ab,
has been used. In the above equation, arguments of g are

suppressed for convenience. By differentiating Eq. (2), one
obtains

ab T ap T 3
Therefore,
dz 7] ds
—=—1<—1[—1< ———]E—K—IA 5
db b K9~ 4 )

By substituting Eq. (5) into Eq. (4), one obtains

dg _dq 9q , ,

db db a9z K4 ©)
In Eq. (6), the computation of K~ is involved, which is a
very inefficient operation. There are two ways of avoiding this
computation resulting in two methods for computing
derivatives of g(b,z(b)).? The method that is most suitable for
the present application is summarized as follows.

Define an n vector A7 (called the adjoint vector) to be the

solution of the linear system

K\NT=dqT/0z )

Substituting Eq. (7) into Eq. (6) and using symmetry of K, the
derivative of g(b,z(b)) is given as
dg  aq T '
— =—-— —ATA4 8
db ab _ ®
To keep presentation of the transformation methods simple
as they apply to optimal design problems, and for notational
convenience, the optimal design problem is restated as:
Minimize
J(b) )

subject to
g&(b)=<0, i=L2....m (10)

It is understood that f(b) and g;(b) are implicit functions of
design variables and their gradients, whenever needed, may be
calculated using the method described above.

III. Transformation Methods

In this section basic transformation methods for the op--
timal design problem of Eqs. (9) and (10) are briefly
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described. For more details on these methods, see Refs. 2-6, 7,
and 10.

All transformation methods convert the constrained
problem of Egs. (9) and (10) into an unconstrained problem
for the function

®(b,r) =f(b) +P(g(b),r) 1mn

where r, in general, is a vector of controlling parameters and
P is a real-valued function whose action of imposing the
penalty is controlled by r. The local minimum of ®(b,r) at the
vth iteration is denoted by b . The idea of transformation
methods is very attractive because efficient unconstrained
algorithms (e.g., Davidon-Fletcher-Powell method) can be
used to completely solve the constrained problem. It will be
shown in Sec. IV that the idea of transformation methods is
also very attractive for design problems where implicit
constraints must be treated.

In the penalty function methods, the most popular penalty
function P(g(b),r) is given as

P(g(b),r)=r Y, [gF (b)]? 12)

i=1

where r is a scalar parameter, and g7 (b) is equal to
max(0,g8;(b)). In case of barrier function methods, a popular
barrier function P(g(b),r) is given as

R
Pg(b)r) =~ ﬁ 13)
i=1 &i

where r is again a scalar parameter. Other penalty and barrier
functions have been used quite often.?® For both of these
methods, it can be shown that as r*) — o, b*) —b* where
b* is a relative minimum of the constrained problem.

In multiplier methods the function P(g(b),r) is given as*

1 m
P(g(b),r) =35 Y ril(gi(b) +6,) +]? (14
i=1

where 0, is a parameter associated with the ith constraint.
During the unconstrained minimization, parameters 0, are
kept constant. After each unconstrained minimization they
are changed according to the expression*:

60+ =0 +max[g,(bW), -0 i=L2,....m (15)
If 6, =0 and r; =r, then the regular penalty function method is
obtained, where convergence is obtained by letting r— oo,
However, the objective of multiplier methods is to keep each
rf =r (ascalar) fixed at a finite value and change 6, after
each unconstrained minimization.

A general algorithm based on the multiplier methods is
given as follows:

Step 1. Set v=0. Estimate 6{? and a scalar parameter
r,

Step2. Minimize &b,0¢),r) for the multiplier
method. Let b ) be the minimum point.

Step3. Check if (b®?,0®,r ) satisfy the convergence
criteria. If they do, then stop; otherwise, go to
step 4.

Stepd4. Set v=»+1. Change 6" according to Eq. (15).

Increase r () appropriately* and go to step 2.

It should be noted that any method for unconstrained
minimization may be used in step 2. Most commonly used
methods require gradients of cost and constraint functions.
One-dimensional minimizations (accurate or inaccurate) are
used to determine the step size.
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IV. Optimal Structural Design with
Transformation Methods

The major discussion of the transformation methods as
they apply to the structural design problem centers around
step 2 of the algorithm. Specifically, the major point of
departure of the proposed methods is the way in which the
gradient of the transformed function is calculated, and the
way in which one-dimensional search is performed in step 2.
In the nonlinear programming literature, it is suggested to
calculate the gradient of the transformed function from
gradients of the cost and constraint functions. For example,
for the penalty function of Eq. (12), the gradient of the
transformed function @ is.calculated as

de d “ dgt
_ f+221+ ]

W = a T gy (16)

For the nonlinear programming problem, Eq. (16) presents
no particular difficulty as g,;(d) are explicit functions of b and
gradient calculations for each constraint are quite simple.
However, for the structural design problem, g;(b) are implicit
functions of b. Therefore, the gradient for each constraint
must be calculated according to Eq. (8). These gradient
calculations are quite expensive and must be avoided.

It is possible to calculate the gradient of the transformed
function ®(b,r) directly by using the adjoint variable ap-
proach described in the previous section. Following that
approach,

do 2% T
—=—-A%4 17

db ab an
where A% for the function of Eq. (11) is given as the solution
of the equation

K\® =8%7/9z ag)

Calculations for d%/9z are quite straightforward since ® is an
explicit function of the z variables. For example, using the
penalty function of Eq. (12), d®/9dz is given as

3%
5 =0t E 19

The advantage of using Eq. (17) over Eq. (16) to calculate
d®/db is obvious. To use Eq. (16), one will have to calculate
several adjoint variables to calculate each dg;* /db, whereas to

"~ use Eq. (17), one needs to calculate only one adjoint variable.
It should be noted, however, that both Egs. (16) and (17) give
identical values for the derivatives d®/db. To see this, one can
substitute values for df/db and dg;/db from equations similar
to Eq. (8), into Eq. (16). Use of Eqs. (18) and (19) then gives
the desired equivalence for Egs. (16) and (17).

A disadvantage of the one adjoint variable approach in
calculation for d®/db is that gradients of individual active
constraints are not available. Gradients of individual con-
straints have been used to perform approximate reanalysis of
the system in estimating the function ® during the one-
dimensional search for step length determination.>-®
However, when adjoint variable approach is used to directly
calculate the gradient of ®, exact value of ® during step size
determination can be calculated using Eq. (11) directly. This
does involve evaluation of constraints for each increment of
the step size parameter implying that analysis of the system
must be performed for each change in design. This may be
expensive and one may have to resolve to inaccurate one-
dimensional searches.
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V. Discussion and Conclusions

A basic framework in which transformation methods may
efficiently be applied to the optimal design problem is
presented. Among the transformation methods, penalty and
barrier function methods have been extensively used for
optimal design of several classes of structural systems. The
multiplier method has not been fully explored for structural
design problems, although Imai'! has used the method for
configurational optimization of truss structures. The new idea
presented herein relative to the use of transformation methods
in structural design is that the adjoint variable approach must
be used to calculate the gradient of the transformed function.
This can offer substantial computational advantage for design
problems where many constraints are implicit functions of the
variables.

The basic idea of the multiplier method is viewed as a
technique that essentially collapses all constraints of the
problem to an equivalent functional constraint.! This is very
attractive from a computational standpoint and immediately
offers several areas for potential applications. One such area
is the design of structural systems for damage tolerance. 2 For
such design problems, the number of constraints is quite large
and the systematic reduction of constraints offered by the
multiplier method can be highly useful. Similar remarks can
be offered for the dynamic response problems. &

It is also noted here that the adjoint vector approach can be
extended to calculate second-order derivatives of an implicit
function.!* Therefore, the analysis presented here offers the
possibility of using a second-order method (Newton’s
method) for optimal design of complex engineering systems.
The approach that may be followed here is to use regular
algorithms without second-order information for the first few
iterations. One can then switch to Newton’s algorithm for
faster terminal convergence.
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